We have investigated the magnetic properties of submicron soft magnetic cylindrical nanodots using an analytical model as well as three dimensional numerical finite element simulations. A detailed comparison of the magnetic vortex state shows the differences between these two models.
I. INTRODUCTION
The recent advances in microfabrication techniques have stimulated interest in the properties of submicron sized patterned magnetic elements.
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Promising applications include magnetic random access memory, high-density magnetic recording media, and magnetic sensors.
3
However, in order to exploit the special behavior of magnetic nanoelements it is necessary to study and understand their fundamental properties. We have studied the static properties of cylindrical magnetic nanodots of different sizes and aspect ratios with analytical models and numerical finite element (FE) simulations, especially magnetic vortex states.
Direct experimental evidence for the existence of these magnetic vortex states has been found by the method of magnetic force microscopy. Shinjo and coworkers 
II. THE ANALYTICAL RIGID VORTEX MODEL
The rigid vortex model assumes a "rigid vortex", which does not change its shape in an external field. Together with a certain magnetization distribution it gives an approximation for the magnetization distribution of a curling state (vortex state) in a fine cylindrical particle. An analytical model for the magnetization distribution M(x) in zero field has been developed using a variational principle by Usov and coworkers.
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It is split into two parts (cf. Figs. 1, 2) . The first part describes the magnetization in the core of the vortex (r ≤ a, a is the vortex core radius), which is defined by M z = 0:
where r, ϕ are the polar coordinates. The other part describes the magnetization outside the core (r > a):
The transition between the vortex core and the rest of the cylindrical dot is continuous but the function M z (r) is not differentiable at r = a. The parameter a can be found from minimization of the total magnetic energy of the dot. Eqs. 1 and 2 represent a twodimensional radially symmetric vortex model, which has the following properties: 1) In equilibrium (in zero external field) there are surface charges on the top and bottom surface within the vortex core. 2) Side surface charges are equal to zero on the circumference of the dot. 3) There are no volume charges. Upon applying an in-plane magnetic field the vortex is shifted from the dot center perpendicularly to the field. As a result, side surface charges are induced.
In this work we have checked the applicability of Usov's analytical vortex model and the rigid vortex model in an external field numerically. In addition we have studied the dependence of M (r) on the z-coordinate (along the thickness of the nanodot). 
III. THE FINITE ELEMENT MODEL
The numerical computer simulations have been carried out using a 3D dynamic hybrid finite element/boundary element micromagnetic code with a static scalar potential for the calculation of the demagnetizing field and a preconditioned backward differentiation formula for the time integration of the Landau-Lifshitz equation of motion. The results show that the vortex core is approximately 54% larger (18.5 nm) than that assumed by the analytical vortex model (12 nm), if the core radius is defined by the first M z = 0 crossover from the center. Furthermore there is a region with M z < 0 outside the vortex core. Thus, we find negative surface charges in the core of the vortex, which are surrounded by positive surface charges. Only outside of approximately half the radius (50 nm) almost all surface charges disappear. In addition we find a radial component of the magnetization, which is greatest at about half the vortex core radius (Fig. 3) . Nevertheless, as we show here below, the analytically calculated energy terms associated with a vortex core are in good agreement with numerical micromagnetic simulations. Similar magnetization profiles have been calculated by Buda et al.
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for circular Co dots with perpendicular magnetocrystalline anisotropy. There the uniaxial anisotropy leads to a stripe domain structure (circles around the vortex core), which gets more pronounced as the dot thickness increases.
IV. ENERGY AND HYSTERESIS
Next the exchange and magnetostatic energies of the vortices are compared. The formulas for the analytical vortex model have been derived by Usov et al.
7,8
The finite element results are in good agreement with the analytical results (the discretization error of the total energy is just -0.52 %) and it is shown in Table I , that the energy of the equilibrium magnetization distribution, which has been found with the FE model, is more than 4% smaller than that of the analytical vortex model. field. For very high external fields (applied in the plane of the nanodot), the magnetization is almost uniform and parallel to the external field ( Fig. 5(a) ). As the field decreases (solid line in Fig. 4 ) the magnetization distribution becomes more and more non-uniform, which is caused by the magnetostatic stray field. Upon further decrease of the external field, the symmetry of the magnetization distribution breaks and at the nucleation field (about 5 kA/m in our example) a "C" state ( Fig. 5(b) ) develops. As it was shown in Guslienko et al.
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, this type of nucleation mode is typical for dots with small diameters, whereas the "Sshape" spin instability mode is expected for bigger elements. However, the "C" state is only a metastable state. It leads to the nucleation of a vortex, which quickly moves towards its equilibrium position (close to the center of the nanodot). As a result we find a sudden drop in the average magnetization. When the external field is reduced to zero the vortex moves into the center of the nanodot (Fig. 6(a) ). If the external field is increased in the opposite direction, the vortex is forced out of the center of the dot. For about −70 kA/m the vortex is pushed out of the nanodot (annihilation: Fig. 6(b) ) and we find the second jump in the hysteresis curve to (almost) saturation. At the annihilation field the minimum of the total energy turns into a saddle point or maximum, which makes the vortex state unstable. This happens due to an increase in the magnetostatic energy as the vortex approaches the edge, because the surface charge density on the circumference increases. As a result, the systems proceeds towards the next energy minimum, which is found in the state with homoegeneous magnetization distribution. This stability analysis is used for the analytical calculation of the annihilation field. This characteristic behavior has also been found experimentally using Hallmicromagnetometry by Hengstmann et al.
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, who measured the stray field of individual permalloy disks using a sub-µm Hall magnetometer. The hysteresis loops of arrays of Supermalloy nanomagnets have been measured by Cowburn et al. The rigid vortex model can describe very well the susceptibility, magnetization distribution, and vortex annihilation field for low fields as well as the vortex nucleation field for a wide range of dot sizes.
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However, expecially for larger dot radii the experimentally and numerically observed nucleation fields appear to be bigger than those predicted by the rigid vortex model. This is due to the fact, that more complex nucleation modes (including "S-states") have to be taken into account, but they are not included in the rigid vortex model.
17
In Fig. 7 Fig. 9 shows profiles of M z along the y-axis for different external fields. As a result, the vortex is shifted and the profile "moves" towards the circumference of the dot (|y/R| = 1).
V. AVERAGE MAGNETIZATION
From this plot the position of the vortex core for a given external field has been extracted.
The corresponding average magnetization M x is plotted in Fig. 10 (open circles) . For symmetry reasons M y is zero (the vortex is shifted along the y-axis, since we applied a field in x-direction).
By integrating the magnetization distribution of the rigid vortex model over the surface of the nanodot the average magnetization M x has been calculated. The result is given in Fig. 10 . We find very good agreement between the rigid vortex model and the finite element simulation. The small difference can be understood by considering small deviations of the magnetization distribution due to surface charges on the circumference (cf. section VI). 
VI. CHARGE DENSITIES AND THE MAGNETOSTATIC FIELD
Another important aspect in comparison with the rigid vortex model is the magnetostatic energy and the surface charges, which generate the magnetostatic field. On the top and bottom circular surface the surface charges are proportional to M z , because the normal vector n of the top and bottom is simply e z and −e z , respectively. However, on the circumference the normal vector is, of course, e r .
If an in-plane external field is applied, the vortex core is shifted perpendicular to the direction of the field (Fig. 6 ) towards the circumference of the nanodot. Thus, the magnetization does not form concentric circles (M r = 0) around the dot axis any more and surface charges appear on the circumference.
The surface charge densities on the circumference of the nanodot are given in Fig. 11 for different vortex core displacements. For small external fields and therefore small vortex displacements there is very good agreement between the rigid vortex model and the finite element simulation. As the external field increases more surface charges appear on the circumference of the nanodot. However, the rigid vortex model overestimates these surface charges. The values for the average magnetization is in good agreement, but the surface charge distribution is not. The reason is that the magnetization distribution close to the circumference is disturbed by the strong demagnetizing fields. As we further increase the external field and the vortex displacement this deviation becomes more and more pronounced.
In addition, we also find some deviation in the center of the nanodot, which arises from a more "elliptical" shape of the magnetization distribution as the vortex is pushed towards In remanence, the demagnetizing field arising from the vortex structure is mainly concentrated in the vortex core (Fig. 13) . It has a dominating z-component and a smaller radial component. 
VIII. CONCLUSIONS
A detailed comparison of the rigid vortex model for magnetic vortex states in soft magnetic nanodots with the finite element simulations has revealed some special features of the magnetic vortex state. The magnetization distribution near the vortex core radius (r = a) deviates essentially from Usov's analytical model. Especially a non-vanishing radial component M ρ has been found (Fig. 3) . In addition to the magnetic surface charges in the core of the vortex, the finite element simulations have revealed a ring of weak surface charges with opposite sign around the core of the nanodot. The shape of the vortex core and its exchange energy have been found to be very stable ("rigid") even for large vortex shifts in an external field. However, the surface charges on the circumference of the nanodot are overestimated by the rigid vortex model, because the magnetization distribution is distorted from the perfectly circular shape by the magnetostatic stray field. As a result, the surface charges and the magnetostatic energy are reduced as compared to the rigid vortex model. Finally, the phase diagram of magnetic ground states shows sharp transitions from the "in-plane" state to the perpendicular magnetization distribution and the magnetic vortex state, whereas the transition from the perpendicular magnetization to the magnetic vortex state is not well defined.
